Isotopes of C-loops with unique non-identity squares are shown to be both C-loops and A-loops. The relationship between C-loops and Steiner loops is further studied. Central loops with the weak and cross inverse properties are also investigated. C-loops are found to be Osborn loops if every element in them are squares.
Definition 1.1 Let (L, ·) be a loop. The left nucleus of L is the set
The right nucleus of L is the set N ρ (L, ·) = {a ∈ L : y · xa = yx · a ∀ x, y ∈ L}.
The middle nucleus of L is the set
The nucleus of L is the set
The centrum of L is the set
The center of L is the set
L is said to be a centrum square loop if x 2 ∈ C(L, ·) for all x ∈ L. L is said to be a central square loop if x 2 ∈ Z(L, ·) for all x ∈ L. L is said to be left alternative if for all x, y ∈ L, x · xy = x 2 y and is said to right alternative if for all x, y ∈ L, yx · x = yx 2 . Thus, L is said to be alternative if it is both left and right alternative. We investigate central loops with the unique non-identity commutators, associators and squares and those with unique non-trivial squares are also found to be C-loops whose isotopes are C-loops and A-loops. The relationship between C-loops and Steiner loops is further studied.
Central loops with the weak and cross inverse properties are also investigated. C-loops are found to be Osborn loops if every element in them are squares, hence the possibility for a non-associative Osborn C-loop to exist is envisaged.
For definition of concepts in theory of loops readers may consult [9] , [29] and [23] . If X, Y, and Z are subsets of a loop L, we denote by (X, Y ) and (X, Y, Z), respectively, the set of all commutators of the form (x, y) and all the associators of the form (x, y, z), where x ∈ X, y ∈ Y, z ∈ Z.
Definition 2.2 ([16]) A 'unique non-identity commutator' is an element s = e(e is the identity element) in a loop L with the property that every commutator in L is e or s.
A 'unique non-identity commutator associator' is an element s = e in a loop L with the property that every commutator in L is e or s and every associator is e or s.
A 'unique non-identity square' or 'non-trivial square' is an element s = e in a loop L with the property that every square in L is e or s. Most of our results and proofs, are stated and written in dual form relative to RC-loops and LC-loops. That is, a statement like 'LC(RC)-loop... A(B)' where 'A' and 'B' are some equations or expressions simply means 'A' is for LC-loops while 'B' is for RC-loops. This is done so that results on LC-loops and RC-loops can be combined to derive those on C-loops. For instance an LC(RC)-loop is a L.I.P.L.(R.I.P.L) loop while a C-loop in an I.P.L. loop.
Definition 2.3 A loop(L, ·) is called a weak inverse property loop (W. I. P. L.) if and only if it obeys the weak inverse property (W. I. P.) : y(xy)
ρ = x ρ for all x, y ∈ L while L is called a
cross inverse property loop (C. I. P. L.) if and only if it obeys the cross inverse property (C. I. P.) : xy
· x ρ = y. (L, ·) is
Inner mappings
Hence, the conditions hold although the identities do not depend on (A, B, C), but the uniqueness does.♠ Theorem 3.1 Let L be a C-loop and let there exist a unique pair of autotopisms
2 R 1 . Keeping in mind that a C-loop is power associative and nuclear square, we have the following proofs.
L
The inverse can also be constructed.
Proof
We need Lemma 3.1 and Theorem 3.1. If x 2 = e, then the autotopism is trivial. Since L is a C-loop, using Lemma 3.1 and Theorem 3.1, it will be noticed that ( 
So we need only to show that it is an homomorphism. Let
2. It will be observed that,
We have already settled the fact that
4. This is true from (1) by using the fact that says an automorphism in a C-loop L is a pseudo-automorphism with companion
In Lemma 3.2, we showed that γ 2 R 1 is the middle inner mapping
2. We prove these by induction. When
for all n ∈ Z Z + .
3. The right and left inner mappings as defined gives : 
Relationship between C-loops and Steiner loops
For a loop (L, ·), the bijection J : L → L is defined by xJ = x −1 for all x ∈ L.
L is called a Steiner loop if and only if
, if any of the following is true for all z ∈ L:
Hence L is a C-loop of exponent 4.
. Using the two results above and keeping in mind that L is a C-loop we have :
Since s is arbitrary in L, then the last result shows that L is centrum square. Furthermore, C-loops have been found to be nuclear square in [26] 
3. 
Proof
To prove this, it shall be shown that the right inner mapping 
Corollary 4.4 In a central square C-loop L, the map x → T (x) is a bijection implies L is a Steiner loop.
Proof By the converse of Corollary 4.3, a C-loop in which x → T (x) is a bijection, is of exponent 2 if it is central square. By the result in [26] , that an inverse property loop of exponent 2 is exactly a Steiner loop and the fact that C-loops are inverse property loops( [26] ), L is a Steiner loop. ♠ 
Proof
It was shown in [26] 
is a bijection is of exponent two. Whence using the fact in [26] that an inverse property loop of exponent two is a steiner loop, the proof is complete. ♠
Flexibility in C-loops
Condition(s) under which a C-loop is flexible is given below.
Lemma 4.1 A C-loop is flexible if the mapping
Thus, L is square flexible, hence by the observation in [12] , L is flexible since the mapping x → x 2 is onto.
for all z ∈ L and the middle inner mappings are of order 2. [26] studied the close relationship between C-loops and Steiner loops. In [23] , it is shown that Steiner loops are exactly commutative inverse property loops of exponent 2. But in [26] , this fact was improved, so that commutativity is not a sufficient condition for an inverse property loop of exponent 2 to be a Steiner loop. So they said 'Steiner loops are exactly inverse property loops of exponent 2'. This result is general for inverse property loops among which are C-loops. They also proved that Steiner loops are C-loops. Corollary 4.4 give conditions(apart from exponent of 2) under which a C-loop is a Steiner loop while Corollary 4.6 give necessary and sufficient conditions for C-loops to be Steiner loops.
It has been found out in [23] that flexibility is possible in a C-loop if the loop is commutative or diassociative. But C-loops naturally do not even satisfy the latter. Apart from the condition stated in Lemma 4.1, Theorem 4.6 when compared with Corollary 5.2 of [21] shows that some middle inner-mappings do not need to be of exponent of 2 for a C-loop to be flexible.
Unique non-identity
Thus, s −1 = s or s −1 = e implies s 2 = e or s = e implies s 2 = e. If xs = sx, then xs = (sx)s implies x = sx implies s = e implies xs = sx implies s ∈ C(L). Hence, s ∈ Z(L 2 ). ♠
Lemma 5.2 If s is a unique non-identity associator in a C-loop L, s ∈ N(L).
Proof If (xy)s = x(ys), then (xy)s = x(ys) · s implies xy = x · ys implies y = ys implies s = e implies (xy)s = x(ys) implies s ∈ N(L). ♠
Lemma 5.3 Let (L, ·) be a C-loop which has a unique non-identity commutator associator s. Then s is a central element of order 2.

Proof
We shall keep in mind that L as a C-loop has the inverse property. s ∈ (L, L) implies s −1 ∈ (L, L) implies s −1 = s since s −1 = e if and only if s = e, hence s 2 = e. Let xs = sx for some x, y ∈ L, then xs = (sx)s implies x = sx implies s = e, which is a contradiction. Thus, s ∈ C(L). If (xy)s = x(ys) for some x, y ∈ L, then (xy)s = (x · ys)s implies xy = x · ys implies y = ys implies s = e, which is a contradiction. Thus s ∈ N(L). Therefore [16] .
Remark 5.1 The result in Lemma 5.3 is similar to that proved for Moufang loops in
Lemma 5.4 In an LC-loop or RC-loop (L, ·)
with a unique non-identity square s, the following are true.
|s| = 2.
2. |x| = 4 or |x| = 2.
3. s ∈ N λ or s ∈ N ρ and s ∈ N µ . Proof By hypothesis,
This is a contradiction, thus s 2 = e if and only if |s| = 2.
2. x 2 = s implies x 4 = x 2 x 2 = s 2 = e implies x 4 = e or x 2 = e.
3. In an LC-loop, 
If L is an LC-loop, L has a unique non-identity square s if and only if
J = R −1 s = R −1 s −1 or J = I.
If L is an RC-loop, L has a unique non-identity square s if and only if
J = L −1 s = L −1 s −1 or J = I.
♠ Theorem 5.1 Let (L, ·) be a L. I. P. (R. I. P. ) RC(LC)-loop with a unique non-identity square s.
The following are true.
3. x 2 y 2 = (xy) 2 = y 2 x 2 : x → x 2 is neither an automorphism nor an anti-automorphism.
(a, b, c) = (bc · a)(ab · c) :
(a) ab = a −1 b −1 if and only if (J, J, I) ∈ AUT (L, ·). (b) (a, b, a) = (bs)(ab · a) or (a, b, a) = b(ab · a).
L is a group or Steiner loop.
If L is not commutative, s is the unique non-identity commutator of L for the case of been a C-loop.
2. This follows from Lemma 5.5.
If (xy)
2 = x 2 y 2 or (xy) 2 = y 2 x 2 then s = s 2 implies s = e which is a contradiction. 
5. This follows from Lemma 5.4.
Thus, L is either commutative or else s is its unique non-identity commutator. 
Theorem 5.2 Let (G, ·) and (H, •) be two distinct loop such that the triple α = (A, B, C)
is an isotopism of G upon H. (A, B, C) is an isotopism 
If G is a central square C-loop of exponent 4, then H is a C-loop and an A-loop.
If G is a C-loop with a unique non-identity square, then H is a C-loop and an A-loop.
If s is the unique non-identity square in G, i.e x 2 = s or x 2 = e for all x ∈ G then s ′ = sC = (xA) 2 = y ′2 or y ′2 = (xA) 2 = x 2 C = eC = e ′ for all y ′ ∈ H with e ′ as the identity element in H. So, s ′ is the unique non-identity square element in H. ♠ 
Weak and Cross inverse properties in Central Loops
According to [5] , the W. I. P. is a generalization of the C. I. P.. The latter was introduced and studied by R. Artzy [3] and [4] while the formal was introduced by J. M. Osborn [22] who also investigated the isotopy invariance of the W. I. P.. Huthnance Jr. [17] , proved that the holomorph of a W. I. P. L. is a W. I. P. L.. A loop property is called universal(or at times, a loop is said to be universal relative to a particular property) if the loop has the property and every loop isotope of such a loop possesses such a property. A universal W. I. P. L. is called an Osborn loop. Huthnance Jr. [17] investigated the structure of some holomorph of Osborn loops while Basarab [6] studied Osborn loops that are G-loops. Moufang and conjugacy closed loops have been found to be Osborn loops in [19] but in this section we shall investigate this for C-loops. 2. L has the W. I. P.
L is a commutative group.
Proof
1. By Theorem 6.1, L is a C. I. P. L. According to [4] and [5] , a C. I. P. L. has the A. I. P. Thus, the first part is true. The second part follows from the fact that x 2 = x −1 .
2. This follows from the statement in [23] that W. I. P. is a generalization of C. I. P.. (3) and (4) follow from [5] and [4] hence (5) is as a result of the hypothesis. ♠ Remark 6.2 In Corollary 6.1, n ∈ Z(L) for all n ∈ N. Recall that by hypothesis, n = x 2 ∈ N for all x ∈ L. Thus we expect x 2 ∈ Z(L) which is actually the hypothesis x 2 ∈ C(L).
1. L has the W. I. P. and C. I. P.
L is a commutative group.
Proof A loop (L, ·) is a C-loop if and only if it both an LC-loop and an RC-loop. Thence, (1) follows from Theorem 6.1 and Corollary 6.1, while (2) follows from the latter. ♠
Lemma 6.1 LC(RC,C)-loop of exponent 3 is a group.
Proof
The proof of this is simple. ♠ Despite the fact that central loops of exponent 3 are groups it will be interesting to study non-commutative central loops of exponent 3 that have the C. I. P. since there exist groups that do not have the C. I. P. From Theorem 6.1, it can be seen that the study of LC(RC)-loops of exponent 3 with C. I. P. is equivalent to the study of centrum square LC(RC)-loops of exponent 3.
The existence of central loops of exponent 3 can be deduced from [15] , [26] and [27] . According to [26] and [27] , the order of every element in a finite LC(RC)-loop divides the order of the loop. Since |x| = 3 for all x ∈ L, 3||L| which is possible because:
, L is non-Moufang but both lef t(right)-Bol and LC(RC)-loop
The possible orders of finite RC-loops were proved in [27] . In [27] , m > 3 but in [15] , the author gave an example when m = 1.
This type of central loops are flexible. This follows from subsection 7.1. RC(LC)-loops are square flexible and x → x −1 is a permutation if and only if x → x 2 is a permutation for a loop of exponent 3. Also, if such finite central loops are extra loops, they will be groups. This is as a result of the claim in [15] that an extra loop in which x → x 2 is a bijection is a group.
Flexible C-loops fall in a class of loops called ARIF loops and has also been studied in [20] and [21] . Authors in [20] constructed a flexible C-loop that is not a RIF loop of order 24(this is divisible by 3). Proof Let (L, ·) be a LC-loop with the W. I. P.. Then for all x, y ∈ L, y(xy)
Osborn Central-loops
Thence, L has the R. I. P. Conversely, if L has the I. P., then y(xy) ρ = y(xy) 
Proof By Theorem 6.2, L has the W. I. P.. According to [22] , in a W. I. P. L., the three nuclei coincide, so (1) is true. Thus for an LC-loop, x 2 ∈ N ρ and for an RC-loop, (2) and (3) [19] .
The following facts which is true in Bol loops is also true in central loops. 
2. According to [26] , L is an LC-loop if and only if x · (y · yz) = (x · yy)z for all x, y, z ∈ L while L is an RC-loop if and only if (zy · y)x = z(yy · x) for all x, y, z ∈ L. x · (y · yz) = (x · yy)z if and only if x · zL 
3. This is shown in [15] . 
5. This follows from (1) and Theorem 6.2.
♠
Theorem 6.4 ([19]) The following equivalent conditions define an Osborn loop (L, ·).
1.
where A x = E x L x , B x = E 
Proof
This follows from Theorem 6.5. The last conclusion is as a consequence of the fact that 
Question
Does there exist a C-loop that is Osborn but non-associative, non Moufang and nonconjugacy closed.
Acknowledgement
The second author would like to express his profound gratitude to the Swedish International Development Cooperation Agency (SIDA) for the support for this research under the framework of the Associateship Scheme of the Abdus Salam International Centre for theoretical Physics, Trieste, Italy.
